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ALGEBRA 

 

5.1 algebra in administration: Algebra (from Arabic al-jebr meaning "reunion of 

broken parts") is one of the broad parts of mathematics, together with number 

theory, geometry and analysis. In its most general form algebra is the study of 

symbols and the rules for manipulating symbols and is a unifying thread of all of 

mathematics.As such, it includes everything from elementary equation solving to 

the study of abstractions such as groups, rings, and fields. The more basic parts of 

algebra are called elementary algebra, the more abstract parts are called abstract 

algebra or modern algebra. Elementary algebra is essential for any study of 

mathematics, science, or engineering, as well as such applications as medicine and 

economics. Abstract algebra is a major area in advanced mathematics, studied 

primarily by professional mathematicians. Much early work in algebra, as the 

Arabic origin of its name suggests, was done in the Near East, by such 

mathematicians as Omar Khayyam (1050-1123). 

 

Elementary algebra differs from arithmetic in the use of abstractions, such as using 

letters to stand for numbers that are either unknown or allowed to take on many 

values. For example, in the letter is unknown, but the law of inverses can be used 

to discover its value: . In , the letters  and  are variables, and the letter  is a 

constant. Algebra gives methods for solving equations and expressing formulas 

that are much easier (for those who know how to use them) than the older method 

of writing everything out in words. 

 

The word algebra is also used in certain specialized ways. A special kind of 

mathematical object in abstract algebra is called an "algebra", and the word is used, 

for example, in the phrases linear algebra and algebraic topology. 

 

How to distinguish between different meanings of "algebra" 

For historical reasons, the word "algebra" has several related meanings in 

mathematics, as a single word or with qualifiers. Such a situation, where a single 

word has many meanings in the same area of mathematics, may be confusing. 

However the distinction is easier if one recalls that the name of a scientific area is 

usually singular and without an article and the name of a specific structure requires 

an article or the plural. Thus we have: 

 

 As a single word without article, "algebra" names a broad part of 

mathematics As a single word with article or in plural, "algebra" denotes a 

specific mathematical structure. See algebra (ring theory) and algebra over a 

field. 



Page 2 of 9 
 

 With a qualifier, there is the same distinction: 

 Without article, it means a part of algebra, such as linear algebra, elementary 

algebra (the symbol-manipulation rules taught in elementary courses of 

mathematics as part of primary and secondary education), or abstract algebra 

(the study of the algebraic structures for themselves). 

 With an article, it means an instance of some abstract structure, like a Lie 

algebra or an associative algebra. 

 Frequently both meanings exist for the same qualifier, as in the sentence: 

Commutative algebra is the study of commutative rings, which are 

commutative algebras over the integers. 

 Algebra as a branch of mathematics 

 Algebra began with computations similar to those of arithmetic, with letters 

standing for numbers. This allowed proofs of properties that are true no 

matter which numbers are involved. For example, in the quadratic 

equationcan be any numbers whatsoever (except that  cannot be ), and the 

quadratic formula can be used to quickly and easily find the value of the 

unknown quantity . 

 

As it developed, algebra was extended to other non-numerical objects, such as 

vectors, matrices, and polynomials. Then the structural properties of these non-

numerical objects were abstracted to define algebraic structures such as groups, 

rings, and fields. 

 

Before the 16th century, mathematics was divided into only two subfields, 

arithmetic and geometry. Even though some methods, which had been developed 

much earlier, may be considered nowadays as algebra, the emergence of algebra 

and, soon thereafter, of infinitesimal calculus as subfields of mathematics only 

dates from 16th or 17th century. From the second half of 19th century on, many 

new fields of mathematics appeared, most of which made use of both arithmetic 

and geometry, and almost all of which used algebra. 

 

Today, algebra has grown until it includes many branches of mathematics, as 

can be seen in the Mathematics Subject Classification where none of the first 

level areas (two digit entries) is called algebra. Today algebra includes section 

08-General algebraic systems, 12-Field theory and polynomials, 13-Commutative 

algebra, 15-Linear and multilinear algebra; matrix theory, 16-Associative rings and 

algebras, 17-Nonassociative rings and algebras, 18-Category theory; homological 

algebra, 19-K-theory and 20-Group theory. Algebra is also used extensively in 11-

Number theory and 14-Algebraic geometry. 
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Etymology 

The word algebra comes from the Arabic language (ربجلا al-jabr "restoration") 

from the title of the book Ilm al-jabr wa'l-muḳābala by al-Khwarizmi. The word 

entered the English language during Late Middle English from either Spanish, 

Italian, or Medieval Latin. Algebra originally referred to a surgical procedure, and 

still is used in that sense in Spanish, while the mathematical meaning was a later 

development. 

 

 

History of algebra 

Italian mathematician Girolamo Cardano published the solutions to the cubic and 

quartic equations in his 1545 book Ars magna. François Viète's work on new 

algebra at the close of the 16th century was an important step towards modern 

algebra. In 1637, René Descartes published La Géométrie, inventing analytic 

geometry and introducing modern algebraic notation. Another key event in the 

further development of algebra was the general algebraic solution of the cubic and 

quartic equations, developed in the mid-16th century. The idea of a determinant 

was developed by Japanese mathematician Kowa Seki in the 17th century, 

followed independently by Gottfried Leibniz ten years later, for the purpose of 

solving systems of simultaneous linear equations using matrices. Gabriel Cramer 

also did some work on matrices and determinants in the 18th century. Permutations 

were studied by Joseph-Louis Lagrange in his 1770 paper Réflexions sur la 

résolution algébrique des équations devoted to solutions of algebraic equations, in 

which he introduced Lagrange resolvents. Paolo Ruffini was the first person to 

develop the theory of permutation groups, and like his predecessors, also in the 

context of solving algebraic equations. 

 

Abstract algebra was developed in the 19th century, deriving from the interest in 

solving equations, initially focusing on what is now called Galois theory, and on 

constructibility issues. George Peacock was the founder of axiomatic thinking in 

arithmetic and algebra. Augustus De Morgan discovered relation algebra in his 

Syllabus of a Proposed System of Logic. Josiah Willard Gibbs developed an 

algebra of vectors in three-dimensional space, and Arthur Cayley developed an 

algebra of matrices (this is a non-commutative algebra). 

 

 

5.2 sets: In mathematics, a set is a collection of distinct objects, considered as an 

object in its own right. For example, the numbers 2, 4, and 6 are distinct objects 

when considered separately, but when they are considered collectively they form a 
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single set of size three, written {2,4,6}. Sets are one of the most fundamental 

concepts in mathematics. Developed at the end of the 19th century, set theory is 

now a ubiquitous part of mathematics, and can be used as a foundation from which 

nearly all of mathematics can be derived. In mathematics education, elementary 

topics such as Venn diagrams are taught at a young age, while more advanced 

concepts are taught as part of a university degree. The German word Menge, 

rendered as "set" in English, was coined by Bernard Bolzano in his work The 

Paradoxes of the Infinite. 

 

Definition 

Passage with the original set definiton of Georg Cantor 

A set is a well defined collection of distinct objects. The objects that make up a set 

(also known as the elements or members of a set) can be anything: numbers, 

people, letters of the alphabet, other sets, and so on. Georg Cantor, the founder of 

set theory, gave the following definition of a set at the beginning of his Beiträge 

zur Begründung der transfiniten Mengenlehre: 

 

A set is a gathering together into a whole of definite, distinct objects of our 

perception [Anschauung] or of our thought—which are called elements of the set. 

 

Sets are conventionally denoted with capital letters. Sets A and B are equal if and 

only if they have precisely the same elements. 

 

Cantor's definition turned out to be inadequate for formal mathematics; instead, the 

notion of a "set" is taken as an undefined primitive in axiomatic set theory, and its 

properties are defined by the Zermelo–Fraenkel axioms. The most basic properties 

are that a set has elements, and that two sets are equal (one and the same) if and 

only if every element of one set is an element of the other. 

 

5.3 real numbers: In mathematics, a real number is a value that represents a 

quantity along a continuous line. The real numbers include all the rational 

numbers, such as the integer −5 and the fraction 4/3, and all the irrational 

numbers such as √2 (1.41421356…, the square root of two, an irrational algebraic 

number) and π (3.14159265…, atranscendental number). Real numbers can be 

thought of as points on an infinitely long line called the number line or real line, 

where the points corresponding tointegers are equally spaced. Any real number can 

be determined by a possibly infinite decimal representation such as that of 8.632, 

where each consecutive digit is measured in units one tenth the size of the previous 
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one. The real line can be thought of as a part of the complex plane, and complex 

numbers include real numbers. 

 

Real numbers can be thought of as points on an infinitely long number line. 

These descriptions of the real numbers are not sufficiently rigorous by the modern 

standards of pure mathematics. The discovery of a suitably rigorous definition of 

the real numbers – indeed, the realization that a better definition was needed – was 

one of the most important developments of 19th century mathematics. The 

currently standard axiomatic definition is that real numbers form the 

unique Archimedean complete totally ordered field (R ; + ; · ; <), up 

to an isomorphism,[1] whereas popular constructive definitions of real numbers 

include declaring them as equivalence classes of Cauchy sequences of rational 

numbers, Dedekind cuts, or certain infinite "decimal representations", together 

with precise interpretations for the arithmetic operations and the order relation. 

These definitions are equivalent in the realm of classical mathematics. 

The reals are uncountable; that is, while both the set of all natural numbers and the 

set of all real numbers are infinite sets, there can be no one-to-one function from 

the real numbers to the natural numbers: the cardinality of the set of all real 

numbers (denoted  and called cardinality of the continuum) is strictly greater than 

the cardinality of the set of all natural numbers (denoted ). The statement that 

there is no subset of the reals with cardinality strictly greater than  and strictly 

smaller than  is known as the continuum hypothesis. It is known to be neither 

provable nor refutable using the axioms of Zermelo–Fraenkel set theory, the 

standard foundation of modern mathematics, provided ZF set theory is consistent. 

Basic properties 

A real number may be either rational or irrational; 

either algebraic or transcendental; and either positive, negative, or zero. Real 

numbers are used to measure continuous quantities. They may be expressed 

by decimal representations that have an infinite sequence of digits to the right of 

the decimal point; these are often represented in the same form as 

324.823122147… Theellipsis (three dots) indicates that there would still be more 

digits to come. 

More formally, real numbers have the two basic properties of being an ordered 

field, and having the least upper bound property. The first says that real numbers 

comprise a field, with addition and multiplication as well as division by non-zero 
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numbers, which can be totally ordered on a number line in a way compatible with 

addition and multiplication. The second says that, if a non-empty set of real 

numbers has an upper bound, then it has a real least upper bound. The second 

condition distinguishes the real numbers from the rational numbers: for example, 

the set of rational numbers whose square is less than 2 is a set with an upper bound 

(e.g. 1.5) but no (rational) least upper bound: hence the rational numbers do not 

satisfy the least upper bound property. 

In physics 

In the physical sciences, most physical constants such as the universal 

gravitational constant, and physical variables, such as position, mass, speed, 

and electric charge, are modeled using real numbers. In fact, the fundamental 

physical theories such as classical mechanics, electromagnetism, quantum 

mechanics, general relativity and the standard model are described using 

mathematical structures, typically smooth manifolds or Hilbert spaces, that are 

based on the real numbers, although actual measurements of physical quantities are 

of finite accuracy and precision. 

In some recent developments of theoretical physics stemming from the holographic 

principle, the Universe is seen fundamentally as an information store, essentially 

zeroes and ones, organized in much less geometrical fashion and manifesting itself 

as space-time and particle fields only on a more superficial level. This approach 

removes the real number system from its foundational role in physics and even 

prohibits the existence of infinite precision real numbers in the physical universe 

by considerations based on the Bekenstein bound. 

In computation 

With some exceptions, most calculators do not operate on real numbers. 

Instead, they work with finite-precision approximations called floating-point 

numbers. In fact, most scientific computation uses floating-point arithmetic. Real 

numbers satisfy the usual rules of arithmetic, but floating-point numbers do not. 

Computers cannot directly store arbitrary real numbers with infinitely many digits. 

The precision is limited by the number of bits allocated to store a number, whether 

as floating-point numbers or arbitrary precision numbers. However, computer 

algebra systems can operate on irrational quantities exactly by manipulating 

formulas for them (such as , , or ) rather than their rational 

or decimal approximation;[3] however, it is not in general possible to determine 

whether two such expressions are equal (the constant problem). 
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A real number is called computable if there exists an algorithm that yields its 

digits. Because there are only countably many algorithms,[4] but an uncountable 

number of reals, almost all real numbers fail to be computable. Moreover, the 

equality of two computable numbers is an undecidable problem. 

Some constructivists accept the existence of only those reals that are computable. 

The set of definable numbers is broader, but still only countable. 

 

Vocabulary and notations 

Mathematicians use the symbol R, or, alternatively, , the letter "R" in blackboard 

bold (encoded in Unicode as U+211D ℝ double-struck capital r (HTML: 

&#8477;)), to represent the set of all real numbers. As this set is naturally endowed 

with the structure of a field, the expression field of real numbers is frequently used 

when its algebraic properties are under consideration. 

The sets of positive real numbers and negative real numbers are often denoted by 

R+ and R-,[5] respectively; R+ and R- are also used.[6] The non-negative real 

numbers can be denoted by R≥0 but one often sees this set denoted by R+ ∪ 

{0}.[5] In French mathematics, the positive real numbers and negative real 

numbers commonly include zero, and these sets are denoted respectively by ℝ+ 

and ℝ-.[6] In this understanding, the respective sets without zero are called strictly 

positive real numbers and strictly negative real numbers, and are denoted as ℝ+* 

and ℝ-*. 

The notation Rn refers to the cartesian product of n copies of R, which is an n-

dimensional vector space over the field of the real numbers; this vector space may 

be identified to the n-dimensional space of Euclidean geometry as soon as a 

coordinate system has been chosen in the latter. For example, a value from R3 

consists of three real numbers and specifies the coordinates of a point in 

3‑dimensional space. 

In mathematics, real is used as an adjective, meaning that the underlying field is 

the field of the real numbers (or the real field). For example real matrix, real 

polynomial and real Lie algebra. As a substantive, the word real is used almost 

strictly in reference to the real numbers themselves (e.g., the "set of all reals"). 

History 
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Simple fractions have been used by the Egyptians around 1000 BC; the Vedic 

"Sulba Sutras" ("The rules of chords") in, c. 600 BC, include what may be the first 

"use" of irrational numbers. The concept of irrationality was implicitly accepted by 

early Indian mathematicians since Manava (c. 750–690 BC), who were aware that 

the square roots of certain numbers such as 2 and 61 could not be exactly 

determined.[7] Around 500 BC, the Greek mathematicians led by Pythagoras 

realized the need for irrational numbers, in particular the irrationality of the square 

root of 2. 

The Middle Ages brought the acceptance of zero, negative, integral, and fractional 

numbers, first by Indian and Chinese mathematicians, and then by Arabic 

mathematicians, who were also the first to treat irrational numbers as algebraic 

objects, which was made possible by the development of algebra. Arabic 

mathematicians merged the concepts of "number" and "magnitude" into a more 

general idea of real numbers. The Egyptian mathematician Abū Kāmil Shujā ibn 

Aslam (c. 850–930) was the first to accept irrational numbers as solutions to 

quadratic equations or as coefficients in an equation, often in the form of square 

roots, cube roots and fourth roots. 

In the 16th century, Simon Stevin created the basis for modern decimal notation, 

and insisted that there is no difference between rational and irrational numbers in 

this regard. In the 17th century, Descartes introduced the term "real" to describe 

roots of a polynomial, distinguishing them from "imaginary" ones. 

In the 18th and 19th centuries there was much work on irrational and 

transcendental numbers. Johann Heinrich Lambert (1761) gave the first flawed 

proof that π cannot be rational;[citation needed] Adrien-Marie Legendre (1794) 

completed the proof, and showed that π is not the square root of a rational number. 

Paolo Ruffini (1799) and Niels Henrik Abel (1842) both constructed proofs of the 

Abel–Ruffini theorem: that the general quintic or higher equations cannot be 

solved by a general formula involving only arithmetical operations and roots. 

Évariste Galois (1832) developed techniques for determining whether a given 

equation could be solved by radicals, which gave rise to the field of Galois theory. 

Joseph Liouville (1840) showed that neither e nor e2 can be a root of an integer 

quadratic equation, and then established the existence of transcendental numbers, 

the proof being subsequently displaced by Georg Cantor (1873). Charles Hermite 

(1873) first proved that e is transcendental, and Ferdinand von Lindemann (1882), 

showed that π is transcendental. Lindemann's proof was much simplified by 
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Weierstrass (1885), still further by David Hilbert (1893), and has finally been 

made elementary by Adolf Hurwitz and Paul Gordan. 

 

The development of calculus in the 18th century used the entire set of real numbers 

without having defined them cleanly. The first rigorous definition was given by 

Georg Cantor in 1871. In 1874 he showed that the set of all real numbers is 

uncountably infinite but the set of all algebraic numbers is countably infinite. 

Contrary to widely held beliefs, his first method was not his famous diagonal 

argument, which he published in 1891. See Cantor's first uncountability proof. 

 

 

 


